An algorithm for the explicit computation of a complete set of primitive central idempotents, Wedderburn decomposition and the automorphism group of the semisimple group algebra of a finite metabelian group is developed. The algorithm is illustrated with its application to the semisimple group algebra of an arbitrary metacyclic group, and certain indecomposable groups whose central quotient is the Klein four-group.
Introduction
Let F q [G] be the group algebra of a finite group G over the finite field F q with q elements. In order to understand the algebraic structure of F q [G] , in the semisimple case, i.e., when q is coprime to the order of G, an essential step is to compute a complete set of primitive central idempotents and the Wedderburn decomposition of F q [G] . These computations, in turn, help to investigate the automorphism group and the unit group of F q [G] .
Let (H, K) be a strongly Shoda pair ([3] , Definition 5) of G and let C be a q-cyclotomic coset of Irr(K/H), the set of irreducible characters of K/H over the algebraic closure F q of F q , corresponding to a generator of Irr(K/H). Broche and Rio ( [3] , Theorem 7 ) proved that the pair ((H, K), C) defines a primitive central idempotent, e C (G, K, H), of F q [G] . They further proved that if G is an abelianby-supersolvable group, then every primitive central idempotent of the semisimple group algebra F q [G] is defined by a pair of the type ((H, K), C). However, it is possible that two distinct such pairs may define the same primitive central idempotent. Thus in order to determine the algebraic structure of F q [G], G abelian-bysupersolvable, the problem lies in finding a set S of pairs of type ((H, K), C) so that {e C (G, K, H) | ((H, K), C) ∈ S} is a complete irredundant set of primitive central idempotents of F q [G] .
In Section 2, we provide an efficient algorithm for the solution of this problem for F q [G], when G is metabelian (Theorem 2). Our analysis, in turn, leads to an explicit description of the Wedderburn decomposition and the automorphism group of F q [G] (Theorem 3). In Section 3, we illustrate our algorithm with its application to an arbitrary finite metacyclic group G = a, b | a n = 1, b t = a k , b −1 ab = a r , n, t, k, r natural numbers, r t ≡ 1 (mod n), k(r − 1) ≡ 0 (mod n), of order nt coprime to q, and provide an alternative way of finding a complete set of the primitive central idempotents to those given in [1] . We next apply our result, in Section 4, to indecomposable groups G whose central quotient, G/Z(G), is the Klein four-group. It is known, ( [7] , Chapter 5) , that such groups breakup into five different classes. Ferraz, Goodaire and Milies [5] have given, in each case, a lower bound on the number of simple components of the semisimple finite group algebra
. We provide the complete algebraic structure of the semisimple group algebra 
Metabelian groups
Let G be a finite group. We adopt the following notation:
determined by χ ∈ Irr(G), where F q (χ) is the field obtained by adjoining to F q , all the character values χ(g), g ∈ G;
A the set of pairs (H, K), where H K ≤ G and K/H is cyclic;
C(K/H) the set of q-cyclotomic cosets of Irr(K/H) containing the generators of Irr(K/H), where (H, K) ∈ A;
the stabilizer of any C ∈ C(K/H) under the above action of
where χ is a representative of the q-cyclotomic coset C, and ζ is a primitive [K : H]-th root of unity in
For the rest of this section, we assume G to be a finite metabelian group.
Primitive central idempotents
We follow the notation introduced in [2] . Let
• A:= a fixed maximal abelian subgroup of G containing its derived subgroup G ′ .
• T := the set of all subgroups D of G with D ≤ A and A/D cyclic.
• T G := a set of representatives of the distinct equivalence classes of T .
• R(D) := the set of those linear representations of K D over F q whose restriction to A has kernel D.
• R C (D) := a complete set of those representations in R(D) which are not mutually G-conjugate.
The following result is proved in [2] for complex irreducible representations. However, the analogous proof works for the irreducible representations of G over
Let G be a finite metabelian group with A and T G as defined above.
Then 
For N G with Let ord n (q) denote the order of q modulo n, n ≥ 1. We prove the following:
Theorem 2 Let F q be a finite field with q elements and G a finite metabelian group. Suppose that gcd(q, |G|) = 1. Then,
, where 
from S to a complete set of primitive central idempotents of F q [G] . In order to prove the Theorem, we need to prove that π is 1-1 and onto.
To show that π is onto, let e be a primitive central idempotent of
. We have e = e Fq (χ), for some χ ∈ Irr(G). Let τ be a representation affording χ and N = ker τ, the kernel of the character τ . Let τ be the corresponding faithful representation of G/N. By Theorem 1, it follows that there exists a unique pair 
where C ∈ R(A N /D) is the q-cyclotomic coset of ψ and consequently π is onto.
Let ρ ∈ R C (D),ρ ∈ RC(D) and χ andχ be the character afforded by ρ
. Therefore, equation (3) implies that e Fq (χ) = e Fq (χ), which, in turn, implies thatχ
Consequently,Ñ = ker(χ) = ker(χ) = N. Also, by going modulo N, it follows from equation (4) and
, Lemma 4 ) and equation (3), we have
Since both the sides of the above equation are primitive central idempotents in
However, by ([3] , Proposition 2), ε C (A N , D) = e Fq (ρ), and εCz j (A N ,D z j ) = e Fq (ρ z j ). Therefore, we have by equation (6), e Fq (ρ) = e Fq (ρ z j ), which, as before,
. Consequently, C and C ′ have same orbits. This proves that π is 1-1.
(ii) follows from ( [3] , Corollary 9).
Wedderburn decomposition and automorphism group
We continue with the notation introduced in §2.1. Let Aut(F q [G]) be the group of
For n ≥ 1, let Z n be the additive group of integers modulo n, S n the symmetric group of degree n, SL n (K) the group of invertible n × n matrices over the field K of determinant 1, and for any algebra
denote the direct sum of n copies of K. Let ξ be a primitive |G|-th root of unity in
It is easily seen that the field
Theorem 3 With the above notation,
Proof. (i) It follows from Theorem 2 that for ((N, D/N, A N /N), C) ∈ S, where S is as defined in equation (1),
Thus we have,
If ρ ∈ R C (D) and χ is the character afforded by
However, note that
Therefore, we have,
This proves (7) and we thus have
(ii) It follows from (i) and the standard results on automorphisms of finite dimensional algebras.
Metacyclic groups
We now illustrate Theorem 2 with its application to metacyclic groups; thus obtaining an alternative way of finding a complete set of primitive central idempotents of
where n, t, k, r are natural numbers with
For a divisor v of n, let
• G ov = a, b ov .
•
Define a relation, denoted ∼, on X v, i, c as follows:
It is easy to see that ∼ is an equivalence relation on X v, i, c . Let X v, i, c denote the set of distinct equivalence classes of X v, i, c under the equivalence relation ∼ .
Theorem 4 Let F q be a finite field with q elements and G the group given by the presentation (8) . If gcd(q, nt) = 1, then
is a complete set of primitive central idempotents of the group algebra
We prove the above result in a number of steps.
subgroup of G/ a , is generated by b c a , c > 0, c | t, then clearly,
Now N being a normal subgroup of G, we must have
Consequently, equations (9) and (10) yield that (v, i, c) ∈ N and N = H v, i, c .
Conversely, it is easy to see that for any (v, i, c) ∈ N, H v, i, c is normal subgroup
In order to complete the proof of the Lemma, we need to show that
and
i.e., i 1 = i 2 . This proves the Lemma.
Lemma 2 Let (v, i, c) ∈ N and N = H v, i, c . Then
(ii) H/N is a subgroup of G ov /N with cyclic quotient and H/N core-free in G/N ⇔
and K/N = G ov /N. This proves (i).
(ii) Let H/N be a subgroup of G ov /N with cyclic quotient. By ( [8] , Lemma 2.2), we have H = H u, α, βov , (u, α, β) ∈ B ov and gcd(u, α, β) = 1.
Since N ≤ H, we must have a v ∈ H and a i b c ∈ H, which holds, if, and only if,
We claim that core(H), the largest normal subgroup of G contained in H, is given by
. it follows that K is a normal subgroup of G. Since ab ov a
In order to show that core(H) = K, we need to show that K is the largest
Since a w = L ∩ a ≤ H u, α, βov ∩ a = a u , it follows that u | w. Next observe that an arbitray element of H u, α, βov is of the type a j b s with βo v | s and It is now immediate from the claim that H/N is core-free in G/N if, and only if, u = v and δ = c. This proves (ii). Proof. Suppose
Then, in particular, in view of equation (11), we have
i.e.,
Further equation (13) holds, if, and only if,
Since
and proves the Lemma. 
Therefore, we have
and consequently, Theorem 2 yields the required result.
Groups with central quotient Klein four-group
The groups G of the type G/Z(G) ∼ = Z 2 × Z 2 , where Z(G) denotes the centre of the group G, arose in the work of Goodaire [6] while studying Moufang loops.
It is known ( [7] , Chapter 5) that any group with G/Z(G) ∼ = Z 2 × Z 2 is the direct product of an indecomposable group (with this property) and an abelian group; Moreover the finite indecomposable groups with G/Z(G) ∼ = Z 2 × Z 2 break into five classes as follows:
x, y, t
It thus becomes important to investigate the group algebra
Recently, Ferraz, Goodaire and Milies [5] have given a lower bound on the number of simple components of these semisimple finite group algebras. We improve Theorems 3.1 & 3.2 of [5] by providing the complete algebraic structure of
Groups of type D 1
Observe that for m = 1, the group G of type D 1 is isomorphic to D 8 , the dihedral group of order 8, and the structure of group algebra 
Let λ be the highest power of 2 dividing q − 1 (resp. q + 1) according as q ≡ 1 (mod 4) (resp. q ≡ −1 (mod 4)). Primitive central idempotents
Wedderburn decomposition q ≡ 1 (mod 4)
q ≡ −1 (mod 4)
Automorphism group
where
In order to prove the above Theorem, we first need to compute all the normal subgroups of G, G of type D 1 .
Lemma 4
All the distinct non-identity normal subgroups of G are given by:
Proof. Observe that all the subgroups listed in the statement are distinct and normal in G.
Let N be a normal subgroup of G not contained in t . If N = 1 , then it is easy to see that
Since N/N ∩ t is isomorphic to subgroup of G/ t , which is generated by x t , y t , it follows that N/N ∩ t is isomorphic to one of the following: x t , y t , xy t or x t , y t .
Thus in this case, either
Case II: N/ t 2 v ∼ = y t .
Computation analogous to those in Case I yield that
Case III: N/ t 2 v ∼ = xy t .
In this case N = t 2 v , t
Case IV: N/ t 2 v ∼ = x t , y t .
In this case, N is one of the following forms:
Observe that for 0 ≤ i ≤ v − 1,
Thus we have proved that any normal subgroup of G not contained in t is one of the forms given in (i) and (ii) of the statement. This proves the Lemma.
Proof of Theorem 5. In order to apply Theorem 2 to a group G of type D 1 , we need to compute S G/N for all normal subgroups N of G given by Lemma 4.
Suppose N is a non-identity normal subgroup of G, then N is one of the subgroups listed in Lemma 4. Since G ′ = t 2 m−1 ≤ N, we have A N /N = G/N and the corresponding
Next we see that among all the normal subgroups N of G stated in Lemma 4, only the following subgroups N satisfy the condition that G/N is cyclic;
In order to prove (ii) and (iii), we first note that for any integer γ ≥ 2,
Groups of type D 2
Observe that for m = 1, the group G of type D 2 is isomorphic to Q 8 , the quaternion group of order 8 and the structure of group algebra Let λ be the highest power of 2 dividing q − 1 (resp. q + 1) according as q ≡ 1 (mod 4) (resp. q ≡ −1 (mod 4)). 
3 ), C ∈ R(G/K
3 ), 1 ≤ β ≤ m.
Wedderburn decomposition
q ≡ 1 (mod 4) q ≡ −1 (mod 4) 
where H λ = (SL 2 (F q 2 m−λ ) ⋊ Z 2 m−λ ) (2 λ−1 ) ⋊ S 2 λ−1 .
Proof. We have G = x, y | x 2 m+1 = 1, y 2 = x 2 , y −1 xy = x 2 m +1 .
By Lemma 1, the non-identity normal subgroups of G are given by
Also, Lemmas 2 and 3 yield that 
